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RANDOM POWER SERIES
GENERATED BY ERGODIC TRANSFORMATIONS

JUDY HALCHIN AND KARL PETERSEN

ABSTRACT. Generalizing classical studies of power series with sequences of indepen-
dent random variables as coefficients, we study series of the forms

o0 o0

g0s(2) = L 6(T"x)z" and [, 4(2) = XL ¢(x)$(Tx) - ¢(T""'x)2",
n=0 n=1

where T is an ergodic measure-preserving transformation on a probability space

(X, %, ) and ¢ is a measurable complex-valued function which is a.e. nonzero.

When f,, is entire, its order of growth at infinity measures the speed of
divergence of the ergodic averages of log|¢|. We give examples to show that any
order is possible for any T and that different orders are possible for fixed ¢. For
fixed T, the set of ¢ which produce infinite order is residual in the subset of L!'( X)
consisting of those ¢ which are a.e. nonzero and produce entire f, 4. As in a theorem
of Polya for gap series, if f, , is entire and has finite order, then it assumes every
value infinitely many times.

The functions ¢ € L!( X) for which 8.4 is rational a.e. are exactly the finite sums
of eigenfunctions of T; their poles are all simple and are the inverses of the
corresponding eigenvalues. By combining this result with a skew product construc-
tion, we can also characterize when f, , is rational, provided that ¢ takes one of
several particular forms.

1. Introduction. We are interested in studying power series with sequences of
coefficients, (a,), generated by a measure-preserving transformation, 7, in one of
two ways: if T is defined on a measure space, (X, %#,pn), and ¢: X > C is a
measurable function, then either a, = ¢oT"ora,=¢ - ¢poT-poT? --- poT "},
n=12,....

R.E.A.C. Paley and A. Zygmund [7] studied the series

0

Y ac,z",

n=0
where (a,) is the Rademacher sequence and (c,) is a fixed sequence of complex
numbers. The Rademacher sequence,

(1 on[2k/2",(2k +1)/2%),
T on[(2k +1)/27, (2k + 2)/27),
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462 JUDY HALCHIN AND KARL PETERSEN

can be viewed as a, = ¢ oT", where T is the Bernoulli shift B(3,3) on the set
{-1,1}% and ¢ is a coordinate function. H. Steinhaus [10, 11] considered the slightly
more general case where (a,,) is the Steinhaus sequence, a, = e?""", where (y, ) is a
sequence of independent, uniformly distributed random variables. The properties of
these series depend on the size of the coefficients (¢, ), and Paley, Zygmund and
Steinhaus related properties such as inclusion in L4(#), continuity on the closed unit
disk, and capability of analytic continuation outside the unit disk to summability
properties of (c,). Some more recent results have related summability properties of
(c,) to inclusion of the series in the spaces of Bloch functions and VMOA (see
Anderson, Clunie, and Pommerenke [2] and Sledd [9]).

All of these results depend strongly on the independence of the coefficients, and
most of them fail in the dependent case. The use of an ergodic transformation in
forming the coefficients better allows analysis of the dependent case, in addition to
providing the opportunity to study ergodic-theoretic properties of the underlying
transformation by means of studying the power series. Specifically, the analytic
properties of the power series

geor(z)= 3 6(T)z"

n=0

and

oo
fror(2) = X ¢(x)¢(Tx) -+ ¢(T" 'x)2"

n=0
can sometimes be directly related to ergodic-theoretic properties of T. Ionescu
Tulcea [4] established several such relationships for the series g, , r, connecting the
radius of convergence to the ergodicity of T and the existence of radial limits of
... to the weak mixing of T. She also showed that the singular points of g, , r on
the unit circle must be in the spectrum of Uj (the unitary operator on L*(X)
induced by T') (see Ionescu Tulcea [5]).

In §2, we study the order of growth of the random power series f, , ; when it
represents an entire function, and the relationship of its order to the rate of
divergence of the ergodic averages of the function log|¢|. (See Aaronson [1] for
another discussion of rates of divergence.) Examples are given showing that, for a
given transformation 7T, any order is possible. We then show that infinite order is
most typical, in the sense that, among the functions ¢ for which the power series
represents an entire function, those giving infinite order form a residual set in the
L'( X) topology.

In §3 we discuss the similarity between gap series and the random series f, , r
when it represents an entire function. A theorem of Polya states that an entire,
transcendental gap series of finite order assumes every value infinitely many times.
We prove the same theorem, replacing only the gap series with the random series.

§4 studies conditions under which a random power series represents a rational
function. It is shown that the series g, , r represents a rational function for ¢ in
L'(X) if and only if ¢ is a finite sum of eigenfunctions of T, and, in this case, the
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poles of the rational function are all simple and occur at the inverses of the
corresponding eigenvalues. For several special classes of the function ¢ we char-
acterize those power series of the form f, , - which represent rational functions,
applying the theorem for the series g, , r in two of these cases.

We will use the following notation throughout. T will be an invertible, ergodic,
measure-preserving transformation on a nonatomic probability space (X, #,p). ¢
will be a measurable, complex-valued function on X. When working with the series
fv.o.r» We will always assume that ¢(x) # 0 holds almost everywhere to ensure that
f«.o.7 is NOt a polynomial. More details for some of the arguments can be found in
the Ph.D. dissertation of the first author (see Halchin [6]).

2. Possible and prevalent orders of growth. We examine first the series
o0
feor(2) = X ¢(x)$(Tx) -+ ¢(T""'x)z".
n=0
Its radius of convergence is given by

r= [limsup|¢(x)¢(Tx) ¢(T"‘1x)|1/"]“

nh— o0

exp(—limsup log|o(x)e(Tx) -+ ¢(T" 'x) |1/n)

n— oo

n—1
exp(—limsup % Y log|o(T'x)|

n- 00 j=0

exp| - . 1ogloan |

We first consider the case where [, log|¢|dp = —co (that is, [ylog*|p|dp < oo
and [ylog~|¢|dp = o), making f, , r an entire function. The order of growth of an
entire function, f, is defined as

p= inf{A: max | f(z)|< e” for all r sufficiently 1arge}.
|z|=r

If f has power series f(z) = ¥%_,a,z", then p is also given by

log|a,|

—l=limsu
) p nlogn ’

n—oo

In the case of f, , r this becomes

. e n_l
~L ~limsup l°g|¢(x)nlog“:(T x)]
n— oo
: 12nZ 5 logle(TVx) |
= limsup .

logn

n— oo
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Thus the order of f, , r is a measurement of the speed of divergence to —co of the
ergodic averages of log|¢| as compared to log n. For any given T, f, , r can attain
any order, 0 < p < 00, as the following examples show.

EXAMPLE 1. f, , 7 having order 0. Fix any partition, { 4, 4,, 43, ...}, of X such
that u(A4;) > 0 for every i. We define

6= e Thiaxy, g — 20BN

' P'(Ai) '
with the sequence (n;) defined as follows. Using Egoroff’s Theorem we can find a
measurable set B C X such that p(B) > 0 and such that

1 n—1 )
~ X x4 (Tx) = p(4,)

j=0
uniformly on B for every i. We choose (n,) to be an increasing sequence of integers
such that, for each i,

7 xa(70 (4| <

for every n > n, and every x in B.
We now see that

0 0
f 10g|¢>|du=f - Yax,dp=-Y an(4,)
X X =1 i=1

oo
= - Y 2n,logn,,, = -0,
i=1
and we see that the order of f, , ; is zero as follows. For any n we define k(n) by
Ryny S N < Ny, Forevery x in B we have

oo

1 -1 1 n—1 '
—— = limsu — T’x) |a;
p n—»oop logn igoln JE:QXA'( )] '

) _ 1 n—1 _

S ll,l;n_‘.S:p IOgn l; ngXAMN)(TJX):Iak(n)
. -1 #(Ak(n))

< lim sup @[”‘(Ak(n)) I O

— limsup _’J'(Ak(n)) 214 () 1087 (1) 41 - 0
n—oo 2logn p‘(Ak(n))

In the following example we use a sequence, (n,), in a similar manner. Here, we
hold n, constant until it is smaller than y/log k , then allow it to jump to a very high
value where it will remain until n, < \/logk again, as pictured in Figure 1. Thus we
have a subsequence where the nth ergodic average is small compared to log n, but
the values at the jumps are large enough to make log~|¢| nonintegrable.



RANDOM POWER SERIES 465
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FIGURE 1

EXAMPLE 2. f, 4 r having order co. Choose any partition { 4;, 4,, 4;,...} of X
with u(A4,) > 0 for every n, and an increasing sequence, (n,), of positive integers
such that n, = 1 and

(1) él(k+1)p( G An)<oo.

n=n,+1

The function ¢ will have the constant value e™* on 4, U --- U4
k, where a; = 1/p(A4,) and

a,_, if a,_, > ylogk,
W= max{a, ,,1/p(4, )} ifa, ;< /logk

for k > 1. Note that (a,) is nondecreasing and all a, > 0. Furthermore, there is a
subsequence, (a, ), with

a, _; <|logk, and a, >

for every i. Therefore

_, for each

Ni+1

u(4,,)

i

o]
f log|¢{ dp =_/ (‘ )y XA, 0 U4, -1 du
X X k=1 +1
0 Nye1—1
< - E ak, Z I"(An)
i=1 n=n;,
o0 0
<-Lap(4,)<-L1=-

1

i=1 i

Now consider the set

© 00 © oo k )
B=U NB&a=U N NT7(4uU--- UAnk)'
K=1k=K K=1k=K j=0
This is the set of all x whose first k + 1 iterates stay in 4; U --- U4, for all k
sufficiently large. Condition (1) together with the Borel-Cantelli Lemma implies that
p(B) =1
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|
r n, levels
> remainder
B, > {
My levels
] 3
> n levels 3 tower
J J
FIGURE 2
Now fix any x in B. Whenever i is large enough, we have x, Tx,...,T* !x all in

AU -~ U4, so

-1

Thio log|o(TVx) | 2o T 4pXa, U4, (Tx)

klogk; k,logk,
_Zj';ol Lot AnXa, U---UA4, ”,,(zj)
- Klogk
~rhita, o —kay _M
> Tklogk,  klogk, = logk,

which has limit 0, sop = c0. O

EXAMPLE 3. f, , ; having finite, nonzero order a. We will use a sequence, (n,), of
positive integers and a decreasing sequence, (¢, ), of positive numbers to choose a
tower of height n, with remainder of measure less than ¢, for each k = 1,2,3,....
We define B, to be the set consisting of the top level of the tower and every n,th
level above that, as pictured in Figure 2. Now ¢ will be of the form

(;b = e‘£f=1f/.’
where f, is nonzero only on B,. The sequence (n,) will be defined by n, = 2 and
n,=\[(nny - n,_)*"¥] for k > 2, where [ ] denotes the greatest integer
function. We define a closely related sequence, (n}), by
ny=2 and n) = [(nln2 nk)Hl/ZM] for k > 2.

We see easily that n, < nj, < n,, .
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is large enough, then

467
Let D be the set of points, x, such that for sufficiently large i none of the first n
points of the orbit of x are contained in any B, for k > i. Thus, for any x in D, if i

Z fk(zj) = i fi(T'x)
k=1 k=1

forevery j = 0,1 n; — 1. Using p(B,) <

1/n,, we can write

w(D) = u[ﬁ 60U T-f(m]

<jm ¥ T H[QTI(Bk}
llmz E

nip(B,)
I=o0 iy k=it+1
- 1
< lim Z n Yy —
1= i k=i+1 "k
An easy induction argument shows that n, > 22"? for every k. Using this together
with the definitions of n; and n/, one can readily check that
[oe] [>e] 1
Ynp X —<oo
i=1

k=i+1
so we must have p(D) =1

large enough, then x, Tx,

Let C be the set of points, x, such that for sufficiently large k the first n,
points of the orbit of x lie in the tower of height n,. Thus, for any x in C, if k is

cor, T 71
follows from writing

x hits B, exactly once every n, steps. It

-0 AU e

K=1k=K j=0
(where C, is the tower of height n,) and using the Borel-Cantelli Lemma that
p(C)=1ifg = 1/2 n, ., for every k.
Using n, > 22 for every i, 2'~2i/(i + 1)(i + 1) > 4 for i > 8, and the definition
of n,, we get n,,, > 16n? for all i > 8. The following limit identities follow easily
from this and from the definitions of (n,) and (n%)

lim = =

n;
i—o00 ni

logn;
-0, lim —2%
i»oo Mty
lim log(myny -+ n;_y) - lim log(nn, - -

i— o0
We now partition B, into B, , U B, ; U

_1
in logn,,; 2’

: "i)

= 1.
log n;

UBy ,, 1 by defining B, ; to be the
set of points in B, whose backward orbit first hits B, again after exactly n, + i
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steps, and we define

n—1
fi= loE"k Z (n, + ’)XBM
i=0

We consider the sum X7_; o f«(T’x) by starting at a point, x, in TB, and traveling
along its forward orbit. Each time we get a contribution to the sum it will be £ logn,
times the number of steps taken. Thus, we must have

n-1

2 fi(Tx) = _"IOg"k
Jj=0

if we started in TB, and ended at B,. However, if we do not start at a point in 7B,
or do not end exactly at B,, then we have

n—1

L fil(Tx) =

j=0

R |~

(n + error(x,n, k))logn,,

where -(2n, — 2) < error(x, n, k) < 2n, — 2.

At this point it can easily be checked that [, log|¢|dp = —o0, as desired.

Now fix any x in C N D. Let n be large enough that the defining properties of
both C and D hold for x. We define i by n, < n < n,, ;. Then

1 n—1 oo
-— = limsu T'x)
P ”—’oop logn g g fk(
i n—1
< limsu T'x
n_’oop nlogn AZI /Eofk( )
. -1 &1
= lxnnls:p nlogn kz=:1 a(n + error(x, n, k))logn,.
We write n = mn; + p, where 0 < p <n,—land1 <m < (n,,, — 1)/n,. Since x

is in C we have error(x, mn; + p, 1) -p, SO

n + error(x,n,i) _ (mn, + p) + error(x, mn; + p, i)
nlogn (mn,; + p)log(mn; + p)

mn;

> (mn, + p)log(mn, + p) "

This function of m and p attains its minimum on the given domain at m =
(n;.; = 1)/n;and p = n, — 1. Now we have

n + error(x,n,i) i — 1
> .
nlogn (n,,, +n,—2)log(n; ., +n,—2)




RANDOM POWER SERIES 469

Therefore,
1. -1[ (n + error(x, n,i))logn, XTi}(n + error(x,n,k))logn,
-— < limsup — 1 + 1
nooo @ ogn nlogn
. -1 (n;4, — Dlogn, }:;;11(” = 2n,)logn,
< limsup —
n—ooo & (ni+1 + n,— 2)10g(ni+l + n;,— 2) nlogn
: -1 n4, -1 . logn;
< hnnligp a n . +tn—2 log(n,,+n,—2)
_ i—1 1 i—-1 l
+ lim sup —1—————2"‘1 08 1y + lim sup —2-—2"’1;1" 08 "k
noo @ log n s 00 nlogn
-1 1 . logn;,
lim

S T
@ liminf, . ,[n,1/(n = 1) +(n, = 2)/(n,4, ~ 1)] i~w logn,,, +log2

-1 108(”1 ceeny_ ) 2n,_, log(ny -~ n,_,)

+11:11s°101p7 logn, ., * h,r.lls::pz n; logn;
-1 1 1 -1 1 2 1

=% T+0 27 2t V=g
Thus p < a.

Now looking at the subsequence where n = n} and using the fact that x is in D,
we have

ni—1
1_ lim sup — - Y Y f(T)
p inoo n;logn; j=0 k=1

= lim sup = Y l(nf + error(x,n;, k))lognk
im0 nilogn} g2y @

-1 Zi_i(nf + 2n,)logn,

> limsup—a— - ;
i o0 nilogn;
_ lo ceen. - lo ceen.
— limsupTxl_ g(nl - nl) + 2”_: g(nl - nl)
i— o0 logn; n’ log n}

=_.1_[1+2.0.1]=_l_
a a

Therefore, p = a. O

That the order depends on T as well as ¢ is shown by the following example.

EXAMPLE 4. f , r and f, , ¢ with different orders. Let X = [0,1) and let { 4,} be
the partition 4, = [0,3), 4, = [§,3), 4; = [3, 7), and so forth. We define

¢ = e‘zﬁlz'XA,.

Clearly, [, log|¢|dp = —co.

We will define T = lim, , T, and S = lim,_, S, with cutting and stacking

procedures designed so that an orbit under T hits only small values of log|¢| for a
very long time, while an orbit under S must hit fairly large values of log|¢| regularly.



470 JUDY HALCHIN AND KARL PETERSEN

We first cut A4, into two equal intervals and stack them, then put A, on top. We
next cut this stack into eight pieces and stack them, then put A;, cut into four
pieces, on top. At the kth step we cut the previous stack into 2k pieces and cut
A, ., into k! pieces to go on top. T, is the transformation that moves points upward
in the stack and is the identity on the top level of the stack and on A4, , U 4, .,
U ---. At step k we define B, to be the bottom (1 — 1,/2%)th part of that portion
of the kth stack obtained by cutting up the old stack. B, will have height
22 — 1)k'(@ = 1/2%). Furthermore, if we start in B, and travel
(2% = 1) /2K~ 1k! steps, we will stay in 4, U --- UA, and will land in 4, exactly
Q%=1 /2K k! times for i=1,2,...,k. Since, for each k, the fraction of B,
N --- NB, _, thatis contained in B, is 1 — 1/2*, we see that

[>2] 1 (>}
n(B)=p| U B, =5H(1——) > 0.
k=1 k=
Now choose x in B. Let k = k(n) be defined by

2k-1 2k -1
T(k—l)!<n<F

we have

1 1 n—1 o )
_— =1 z — E ! J
p ll,r,nf:pnlogn ; ( ,-=12X"'(Tx))

. 1
= limsup

koo ((2F = 1)/25 V) k! log[((2F — 1) /25" 1) k]

(k=125 Ykt -1

(— i 2iXA,(zj))

j=0

1 k .2k~—i
=1l 2 k!
P (2% = 1) /25 Yk og[((2% — 1) /2% 1) k!] ,-iv‘l 2k-1

= limsu 2Kk =
kqu ((2F = 1) /2% )k log((2* — 1) /2571 + log k!

Thus, f, ,r has order co for almost every x.

S is the usual von Neumann-Kakutani adding machine: we first stack [3,1) = 4,
U A, U - on top of [0,3) = 4,. Continuing, at the kth step we cut the present
stack in half and put the right-hand half on top. The new top level will be precisely
A, UA,,,U---. S, moves points in 4, U --- UA, up one level and leaves
A, YA,V - fixed. Notice that every orbit hits 4, exactly once every 2k
steps for every k. Now pick any x and any n. Define k = k(n) by 28 < n < 2**%
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We have
1 lim sup nil log|o(S7x) |
p noo Nlogn v
] 1 00 An—l )
= llﬂs;p nlogn E,l - 211§0XA'(SJX)
k 2’<—1
< limsup Y2y XA,.(ij)
=1 j=o

PR 2k+11 g2k+

-1 ‘2 2k
= limsu 2 —
k_mp 2Kk + 1) log2 /23 2!

—k2* -1
24*1(k + 1) log2 " 2log2’

hm sup

sop<1/2log2. O

We turn now to the question of which order is most typical. Let .# be the spae of
C-valued measurable functions on X with the topology of convergence in measure.
The following proposition states that, for the typical function ¢ in .#, the limsup in
measure of (l/n)Zj_0 log|¢ o T/|is oo and the liminf is —co.

PROPOSITION. The set of functions ¢ in M for which the following property holds is
second category in M: There exist sequences (n;) and (n,) such that
(1/n )7y log|g o T/| = oo in measure and (1/n, )Lk log|é o T/| > —o0 in mea-
sure.

PROOF. We write the set described as

[ﬁ G{“«”:#({x—zlogw(rfx)l })ﬁ}]

1 n=N Jj=0

738

A A o{,pe,,,m({ ;gog|¢<mn>_m})<%}]

m=1 N=1n=N

It is easily checked that each E,, y and each F,, y is dense in 4. To see that E,, y
(the argument for F,,  is analogous) is open, consider

NIRRT

m=1 N=1

r 38

ok

E;;.~="6N{¢6«/t:u({ -—i ogl¢(fo)l<m})>%}-

3
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Suppose that ¢' = ¢ in measure and ¢ is in E, , for each i. Fix any n > N. Since,
for any § > 0,

n—1
u({x: % Y log|o(T'x)| < m+ 6}
j=0

>p,({x —"2 108“1’(zj)| })
—p({x:|¢(x)—¢(x)|>8})

for i large enough, we have

n—1
u({x: LY toglo(Tk) | < m}) > L.
n 2 m
Thus ¢ isin E;, y. O

To find a space where the functions in which we are interested (those for which
(l/n)Zj_o log|¢ e T/| > —o0, that is [, log|¢|dp = —o0) form a Baire space, we look
at LY(X). For functions, ¢, in L'(X), since log*|¢| < |¢|, [ylog|p|dp = -0 is
equivalent to [, log~|¢|dp = oo. The following theorem states that, for ¢ among
L'(X) functions, f, , r typically has infinite order of growth.

THEOREM 1. Let (b,) be a sequence of positive real numbers such that b,/n — oo.
The set of functions ¢ in L( X) that have ¢(x) # 0 a.e., [ylog™|¢|dp = o, and
n-1
hmsup 5 Y log|o(T/x)|=0 a.e.
n—oo n j=()
J

is residual in L'( X).

PrROOF. Let R = {¢ € L'(x):[ylog7|¢|dp = 0} and S = (¢ €
LY X):p({x:¢(x) = 0}) = 0}. We can see that R is residual in L'( X) by writing

R=NR, =N {quLl(X):leOg'|¢|du>k}
k=1 k=1

and noting that each R, is open and dense in L'( X). Likewise, we can write

s= Asi= Ao L0((rio00 =0) <)

k=1
and see that each S, is open and dense in L'( X).
Now consider

n—1
{¢eRﬂS hmsupb 2log|¢(fo)|—an}

n—oo n j=0

n—-1
{¢ ERNS: llmsup =¥ log|¢(T/x)| =20 a.e.}.

n—=o0 " /=0
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Let d.,, denote any fixed metric for the topology of convergence in measure on
L'(X). We have

n—1
{¢ inRNS: limsupbl Y log|e(T’x)|> 0 a.e.}

n—o “n j=0

D {¢ in R N S:for every € > 0, for every N, there exists

n > N such that dmeas( E log|¢ o T/|, 0) < e}

n/_o
< _}

A A u{wnxns:dm( S logl =770
m=1 N=1 n=N "j =0

o0 o0

n nEm.N

m=1 N=1

We will show that each E,, y is a dense open subset of R N S.
First, we fix any ¢ in R N S and any ¢ > 0. Foreach k = 1,2,3... define

6, (x) = {¢(x) if |logle(x) || <

otherwise.
Now

Jim u({x:6(x) # 6,(x)}) = lim p({x:|o(x)[>e*})
+ lim p({x:]9(x)] < e™*})

=0+p(kfi{x:|¢(x)|<e"‘}) 0.

Using this and the fact that ¢ is in L!'(X), we can fix k large enough that
lléx — ¢ll; < e Now l°8|<i>k| isin L'(X), so

Z log| ¢ (T'x) | <k ae.

/-0

’ f log|9, | du
X

lim
n

and thus

n-1 n—1

hm = Z log|¢k(T/x)|— hm l— Z log|9,(T'x)|=0 ae.
Then we must also have
n-1
lim Y log|¢,(7’x)|=0 in measure,
n=w g
so, for all large n,

n—-1
d,..,.,( T log|o, s T/, 0) <1

n j=0
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Therefore ¢, isin E,, . It is clear that

0 n—1

Ein= N {qbeRmS:d,,.ez,s(,)l Y log|¢=T/],0
n /=0

n=N

1}
> —
m

must be closed in RN S since {y € RN S:d, ., (¥,0) > 1/m} is closed in the
d topologyin RN'S. O

meas

3. Pseudo-lacunarity. A gap series (or lacunary series) is a power series in which
there occur arbitrarily long gaps between successive nonzero coefficients. Although
the power series for f, , r can never be a gap series since all its coefficients are
nonzero, in order to have [, log|¢|dp = —oo, the sequence ¢(x), ¢(Tx), ¢(T%x),...
must contain values that are small enough often enough that the Cesaro means of
log|o(x)|, log|¢(Tx)|, log|¢(T%x)],... diverge to —co for almost every x. It seems
reasonable, then, that the sequence of coefficients ¢(x), ¢(x)o(Tx),
&(x)d(Tx)d(T*x),... contain arbitrarily long stretches of terms that are much
smaller than the surrounding terms. In this sense f, , r resembles a gap series. Some
of the value distribution properties of lacunary series also hold for these “pseudo-
lacunary” series f, , r. The following theorem is an exact analogue of a theorem of
Polya for gap series (see Saks and Zygmund [8, p. 337)).

THEOREM 2. If ¢(x) # 0 a.e., [ylog|p|dp = o0, and f, , 1 is of finite order for
almost every x, then for almost every x, f,. ,r assumes every finite value an infinite
number of times.

We will need the following lemma.

LEMMA 1. Let ¢(x) # 0 a.e. and [y log|¢|du = —oo. Then almost every x in X has
the following property: If ¢y, cy,...,c, are any complex numbers, not all zero, then
there are arbitrarily large values of k for which

co + 1 0(TH ) + e (TF )b (T *2x) + -+ +c, (T 1x) -+ (T 'x) # 0.
The lemma asserts that, for infinitely many values of k, the point

q, = (¢(Tk+lx)’¢(Tk+1x)¢(Tk+2x),.“’¢(Tk+1x) e ¢(Tk+rx))

lies off of the hyperplane of zeros of ¢y + c,a; + c,a, + -+ +c0,.
PROOF (OF THE LEMMA). Fix any x for which

n—1
lim 1 Y log|o(T/x)| = oo,
n—oo N j=0

and suppose that
cot+ (T )+ - +co(Tr 1 x) - ¢(Tk'x) =0

for every k > N. Without loss of generality, we may assume ¢, # 0 and ¢, # 0. Now
there must exist a positive constant, M, depending only on ¢, ¢,,...,c,, such that
for every k > N at least one of log|¢p(T**'x)|, log|e(T**'x)| +

log|¢(T**2x)|,...,log|p(T**1x)| + - - - +1og|p(T**'x)| is larger than log M. This
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implies that

n—1 1

N
1 log|o(T7x)|> = ¥ log|o(T/x) |+ —l-klogM
n o n j=0 n

J

1 n—1 )
+ 1% togla(r))|
j=n—i
where k satisfiesn—=N—-1>k>(n—-N-1-i)/r>(n—-N-1-r)/r and
i is less than r. Thus
1 n—1 )
lim = Y log|¢(T'x)]|

J

N
> timsup | - - logle(Tx)|

n-— o0 j=0

1 _ n—1
+ %n__N_r_l_r log M + % Y log|e(T/x)|
Jj=n—i

=0+%logM+O.

We now have contradicted the choice of x as a point where the ergodic averages
diverge to —oco. O

PROOF (OF THE THEOREM). Let us fix any x in X for which f, , r is nonconstant
and has finite order and suppose that f, ,  takes on the value w only finitely many
times. We can write

fx,4>.T(z) -—w= P(z)eh(z),

where P, the canonical product of f, ,r— w, is a polynomial. By Hadamard’s
Theorem, # is also a polynomial. Now we have

flor(2) = P(2)e"@ + P(z)h'(2)e"®,
zP(2)f! ,r(2) = zP'(z)P(z)e" @ + zP(z)h'(z) P(z)e"®),
(2f.0(2)) P(2) = (frp.r(2) = w)[2P'(2) + 2P(2)K'(2)],
or, defining Q(z) = zP’(z) + zP(2)h'(2),
(2. .r(2))P(2) = (frpr(2) = w)Q(2).
Writing

r

fx.¢.T(Z) = E akzk, P(z) = Epizi, and Q(z) = Eqizi’
k=0

i=0 i=0

we have

™M~

£ B o) o

i i
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Looking at the coefficient of z" for n > r we have

r r
Y (n-i)a,_,p,= Y a,_,q, forn>r,
i=0 i=0

n Z a,_p;= Z a, (g, +ip,) forn>r, and
i=0 i=0

Xioa, (g, + .-ipi)
X 0a,_:P;

,
=n forn>rwhen Y a, ,p,#0.
i=0

Recalling that a, = ¢(x)é(Tx) - -+ (T*~x) and that ¢ is nonvanishing, we have

Z:-O(qi + iPi)¢(T"_’x) . ¢(Tn—1—1x)
Z;_OP,#)(T"_'x) . ¢(Tn—i—1x)

when X7_, p,¢(T" "x) - -~ ¢(T"~"~Ix) # 0; or equivalently,

Z;-O(qi + iPi)¢(Tk+1x) . ¢(Tk+r—ix)
Z:-()P,-(P(TIH']X) e ¢(Tk+r—ix)

when X7_ p,o(T**1x) - - &(T**""'x) # 0.
We now define a rational function H: C" — C by

=n forn>r

=r+k+1 fork>0

Lioolgitip)ey -+ a,;
Liopioy =«

H(ay,...,a,) =

b
r—i

so that we have H(¢(T**x),...,¢(T**'x)) = r + k + 1 whenever k > 0 and H is
defined at (¢(T**1x),...,o(T**"x)).

The Poincaré Recurrence Theorem implies that almost every x in X has the
following property: For any r = 1,2,3,... and any point, z, in C’, there exists an
arbitrarily small neighborhood of z such that if there is any value of k > 0 with
(6(T**x),...,8(T**"x)) in this neighborhood, then there are infinitely many such
values of k. Now suppose we have chosen an x with this property and which
satisfies the result of Lemma 1. Then we have a k, > 0 with

Y po(TH*ix) - ¢(T " ~'x) # 0,
i=0
so H(¢(T**x),...,¢(T**"x)) =r + ko + 1. Now we can choose a neighbor-

hood, U, of (¢(T**x),...,¢(T**"x)) in C" small enough that H is defined (and
continuous) on U and that

|H(y) —(r+ ko + 1| <3

for every y in U. But we know that there are infinitely many values of k > 0 with
(¢(T**x), ..., 6(T**"x)) in U. This means that, for values of k > k,, we have both
that

|H(6(T**x),...,0(T*"x)) = (r + ko + 1)| </}
and that H(¢(T**'x),...,¢(T**"x)) = r + k + 1, which is contradictory. O
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4. Conditions for rationality. We find that, for finite radius of convergence, it is
more natural to first study the series

8x.¢.,T(z) = 2 ¢‘(T"x)z",
n=0

While working with this series, we will assume that ¢ is in L'( X), for then T ergodic
implies that g, , r has radius of convergence one almost everywhere (see Ionescu
Tulcea [4]). We will prove the following lemma for g, , r only, but the proof of the
corresponding statement for f, , r is analogous.

LEMMA 2. g, , r represents a rational function for almost every x if and only if an
equation of the form

a$(x)+a,_16(Tx) + -+ +ap(T?x) =0
is satisfied almost everywhere.

ProoF. For fixed T and ¢, f ,r will be rational if and only if there are
polynomials

p(x) q(x)
P(z)= ¥ a(x)z' and Q.(z)= ¥ bi(x)z’
i=0 i=0

such that P,(z)g, ,r(z) = Q,(z). We will assume that P,(z) is of minimal degree
and monic. By the identity theorem,

' 2 a;(x)¢(T/x) =0 forn> q(x).
$0
By (X)S(T"7PXx) + - +ay(x) (T x) + ag(x)$(T7x) = 0

for n > max{ p(x),q(x) + 1} for almost every x.
Now

gy ()= 3 6(T")2" = o(x) + T $(T7x)z"

n=0 n=1

o0
= ¢(x) + X ¢(T"x) 2" = ¢(x) + 281, 4 r(2),
n=0
from which it is clear that g, , r and gr, , r have precisely the same poles.
For any integer n > 0, consider the grid of lines in C

{Re(z) = k/2"} -, U {Im(2) = k/2"} i _,.

Let €, be the countable set of all simple closed curves made up of segments of the
lines in this grid. For each curve, C, in €=U, ¥, we define the function I-(x) on
X by

L/ 8rs.7(2)

27 dz

1) = 3 b g ore) &
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I(x) = oo precisely when one or more poles or zeros of g, , r lie on the curve C
and otherwise is the number of zeros minus the number of poles of g, , , that lie in
the region enclosed by C. Now, defining
Io(x) ifI-(x) # oo,
0 if I-(x) = o0,
we have g(x) = sup.colX¥(x) and p(x) = -inf.. 4 IX(x). We can see by these
formulations that p(x) and ¢(x) must be measurable functions of x. We have
already seen that p(x) is constant along orbits, so we now have p(x) = p a.e. By
extending this technique and considering functions —inf. ¢ ¢ I-(x), where %, is the
set of those curves in ¢ which lie within a fixed region U, we find that the poles of
8.7 are not only constant along orbits, but must be the same for almost every x.
Thus, each a,(x) is constant almost everywhere. Using g, , r(z) = ¢(z) +
287, 4.r(2) and P, = P, we have
Q,\'(z) QTx(z) and QT (Z)= QX(Z)—d)(X)PX(Z)‘
P(z) P(2) : z

It is clear from this that g(7"x) is bounded by p — 1 for sufficiently large n, and,
thus, g(x) <p —1 ae This gives that a,¢(T" Px)+ -+ +a;¢(T" 'x) +
ap(T"x) =0 ae for n>p, which implies a,p(x) + --- +a;¢(T? 'x) +
ayd(T?x)=0a.e.

The converse is straightforward. O

We denote the density of a subset, J, of the natural numbers by §(J) and the
upper and lower densities by §(J) and 8(J).

1x(x) =

=¢(x)+:z

LEMMA 3. Let (a;) be an almost periodic sequence in C. Suppose there is a subset,
J, of the natural numbers such that §(J) > 0 and lim;_,  ;e;a;,=0. ThenJ has a
subset, K, such that §(K) = 0 and a; = 0 for every j in J \ K.

PROOF. Let us write a; = f(R’g), where R is an ergodic rotation of a compact
abelian group and f is a continuous function on that group. We denote the ball in C
of radius e about 0 by B(0;e). Let J' =J U {j € N:a;, =0}. Using
lim,_, c; a;,= 0and the Ergodic Theorem, we have

n-1

#(f'l(B(O; 8))) = limsup% Z Xf"(B(O:s))(Rjg)
j=0

h— o0
n—1

) 1
= lim sup - Y XB(O;e)(aj)

n— o0 Jj=0
1 n-1 _
> timsup 1Y x,(7) = 3().

n— oo Jj=0

Now
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Then
u(f71{0}) > 8(J") > 8{j € N:a; =0} = p(/7{0}),
so 8(J’) exists and p(f1{0}) = 8(J).
Now let K = {j €J:ia; # O} = {jEJ"a# 0}. We have

n—1

- Z xs(J) =+ Z xx(J) + Z X(jia=0y(J);

which implies 8(K ) exists and equals zero. O

THEOREM 3. Suppose ¢ is in L'(X). Then g, , r represents a rational function if and
only if ¢ is a finite sum of eigenfunctions of T. In this case, the poles are all simple and
occur at the inverses of the eigenvalues corresponding to these eigenfunctions.

PrOOF. If ¢(x) =0 a.., the result is trivial; henceforth, we will assume that
¢(x) =0 does not hold almost everywhere and g, , , therefore, has radius of
convergence one. The condition of Lemma 2 is equivalent to

a,o(T"x) +a,_1(T"'x) + -+ +adp(T""?x) = 0 a.e. for every n.

This liner difference equation for the sequence (¢(7 "x)) has a unique solution of the
form

o(T"x) = [en(x) + nepy(x) + nleyy(x) + -+ +n" ey, (x)] mi
+ [cn(x) + ncyy(x) + nepy(x) + n"z‘lcz,,z(x)]mg
+ e+ [ckl(x) + nc,,(x) + nPcy(x) + - - +n"*_1ck,,k(x)]m2 a.e.,
where m,, m,, ..., m, are the distinct roots of
P(z)=a,+a, ;z+ - +a,z’,

with each m occurring as a root of multiplicity n;. It is clear that this new equation
is satisfied (W1th all n,=1) when ¢ is a fmlte sum of eigenfunctions. For the
converse, we will show that

o(T*n) = él [cjl(x) +nc;(x) + n’ci3(x) + - +n" “I (x ]m

implies that, for each j, n; = 1 and ¢;(x) is an eigenfunction of 7" with correspond-
ing eigenvalue m.
First, we note that the poles of g, , r are
1 1 1

z=—,z=—,...,2="—
1

m;, my

This is true because m,, ..., m, are roots of i’q,(z) = z?P,(1/z), where the roots of
P(z)=a,z” +a, ;277" + -+ +a, are precisely the poles of g, , r, as in the
proof of Lemma 2. Since the radius of convergence of g, ., is one, we have
|m,| < 1 for each j. We will suppose that |m | <1 for some j and see that this leads
to a contradiction.
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We write
= poif
m;=rnew, r; > 0.
for each j, and assume the roots are ordered so that r, =r,= -+ =r, <r,.; <
-<r<landn =n,=--- =n,>n, > --- >n, (possibly g = h). Now

8
(1) o(T7%) = 17 [ L ¢, ()™
j=1

+ [cjl(x) +ncy(x)+ - +””l_zcjn,—1(x)]ei"9’

~.
Do

h
+ X l[cjl(x) +ncp(x) + - n"/_lcj,,j(x)]ei"”f
j=g+

K
+ Y [cjl(x) +ncp(x) + - +n"/'1cj,,j(x)]rj”e'"oj a.e.
j=h+1

Let D be any bounded region in C with u(¢~!(D)) > 0. We now fix any x for which
(1) holds and which has

) 1 n-1 » )
lim n Z X¢'1(D)(T x) = N(¢ I(D))-
j=0

n— oo

Since ry <r;forall j=h+1,...,k, the first of the two terms of (1) must dominate
when n < N < 0. This means that ¢(7"x) for n < N can be in D only when

g
rln nn,—lz Cjn,(x)emo/
j=1
g .
+ 21 [cjl(x) + ncjz(x) + .- +n"1_2cj,,l_1(x)]e‘”0/
j=

h
+ h 1[cjl(x) +ncp(x) + - +n"/_lcjnj(x)]e‘"0/
J=8*

S.n
< Cin'ryyy,

where C, is a constant depending on D and on cj(x), ... ,cj,,J(x), j=h+1,... k.
This inequality implies

g
2 ¢ (x)e
j=1

n n—2
(2) < Cln"(r"“) L
n
where C, is a constant depending on cjl(x),...,cj,,‘_l(x), j=1,...,g and on
cp(x)..sc(x), j=g+1,...,h. Now the right-hand side of (2) tends to zero as
n tends to —oo, and we have that ¢(7T"x) is in D only if (2) holds.
Since p(¢ (D)) > 0, the set of n for which ¢(T ~"x) is in D, and therefore the set
of n such that (2) holds for —n, must have positive density in the natural numbers.
Noting that the left-hand side of (2) is an almost periodic sequence, we apply
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Lemma 3. This tells us that there is a set, I, of indices such that the left-hand side of
(2) is zero for every n in I and that

8(I) = 8({n:(2) holds for -n})

>8({n:¢(T""x)isin D}) = p(¢71(D)).
Since p(¢}{o0}) =0, we can choose the region D with 0 < u(¢7'(D)) < 8(I),
unless 8§(7) = 1. Thus, the only way to avoid a contradiction is for §(/) = 1, which
means that the left-hand side of (2) is zero except possibly for n’s making up a set of
density zero. By almost periodicity, then, this sum must be zero for every n.
Therefore, we can write

g
o(T"x) =Y [cjl(x) +nc,(x) + - +n”/‘2cj,,j_1(x)]mj’.’
j=1

K
+ Y [cjl(x) +nc,(x) + - +n"f"1cj,,j(x)]m;',
Jj=g+1

which contradicts the uniqueness of the solution to the difference equation. It must,
therefore, be true that all , = 1.

We can show that all the roots must have multiplicity one in a similar manner.
Thus,

o(T"x) = c,(x)e™ + c,(x)e2 + -+ +c,(x)e® ae.
for every n, with e, .. e distinct. We need to show that each ¢, is an
eigenfunction of T with eigenvalue e'%. For almost every x, ¢(T"x) = ¢(T" Tx),
SO
cr(x)e™ + oo+ (x)ens
=¢,(Tx)e ™ Dl 4 ... 4¢,(Tx)e "D
for every n. This implies that
[cl(x)ei0l _ cl(Tx)]ei(n—l)o, 4o+ [ck(x)eiﬂk _ ck(Tx)]ei(n—l)ak =0
for every n; that is, every vector in
A= {(e'" D0 . ein=D0%):pinZ}
is perpendicular to the vector
V="_ci(x)e" — ¢;(Tx),...,c,(x)e — ¢, (Tx))
in C*. Therefore, supposing V # 0, the k vectors {(e""®,...,e"%):n=0,1,...,k
— 1} must be linearly dependent. Thus, there exist coefficients, b,, n = 0,1,...,k
— 1, such that
bo + bleiaj + A +bk_1ei(k—1)0-’ = O
for each j = 1,2,..., k. This means that each of the k values e, J=12,...,k,is
a root of the k — 1 degree polynomial b, + b,z + -+ +b,_,z¥"! = 0, which is a
contradiction. Thus, we must have V' = 0 and
- i0,
¢,(Tx) = c;(x)e™

for j=1,2,...,k. O
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In studying those series f, , r which represent rational functions, we assume that
[xlog|¢|du = 0, so that the radius of convergence is one.

The series f, , r can, under certain conditions, be viewed as a special type of series
of the form of g, ,, as follows. Let §: X X C - X X C be the skew product
transformation defined by S(x,w) = (Tx, ¢(x)w). Then we have

S"(x,w) = (T"x,¢(x)p(Tx) -+ ¢(T" x)w).
Let y: X X C — C be given by y(x,w) = w. Now, for any w in C,

feemas(2) = T p(S"(xow))z"

n=0
o
=w X o(x) - (T x)z" = wf g r(2).
n=0
To assure that S is measure-preserving, we need to assume |¢(x)| =1 a.e. Then S

(which now acts on the unit circle, S') is ergodic if and only if there do not exist an
integer p # 0 and a measurable function 4: X — S*, such that

[6(x)]? =h(x)/h(Tx) ae.
(see Anzai [3]).

COROLLARY 1. Suppose that |¢(x)| = 1 a.e. and that there do not exist an integer
p # 0 and a measurable function h: X — S', such that

[6(x)]? =h(x)/h(Tx) a.e.

Then f, , r represents a rational function for almost every x if and only if ¢ is constant.
PROOF. Suppose first that f, , 7 is rational. Since

1
fx.d>,T(z) = “;g(x,w),.p.s(z)s

we can, by Theorem 3, write

x
Y(x,w)=w= Y c(x.w) ae. (x.w),
i=1

where each ¢; is an eigenfunction of S. For each i, A; can be the eigenvalue
associated with ¢, if and only if there exist an integer p;, and a measurable function
h;: X — S, such that
[¢'(X)] Pr=Nh,(x)/h(Tx) ae.

(see Anzai [3]).

Now g,(x,w) = wPh,(x) is an eigenfunction of S with eigenvalue A,, so we can
write ¢,(x,w) = aw”h,(x) a.e. (x,w). We now have, for almost every x and w and
for each n,

k
¢(x) - (T )w = ¥(S"(x,w)) = X aNiwPh,(x),
i-1
so

k
¢(x) -+ (T x) = 3 aNpw” ™ h,(x).
i=1
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Viewing this as a series in w, we must have
2 aNih,(x )=0
i with p;=¢q

for each g # 1. Thus, we may assume that all p, = 1, so we have
k
$(x) -+ ¢(T" x) = L aNih(x) ae.(x,w)
i=1

for every n.
We see next that k must equal one. First, we note that none of A}, A,,..., A, can
be roots of unity, for if A% =1, ¢; # 0, then

h(x)

=\ —7

¢(x) lh'(Tx)

implies
hi(x) _ hi(x)
9 = gi ! = !

Lol = N5y = o)
which contradicts one of the assumptions of the corollary. Now we can find

rationally independent 8, B,,...,B,, in S' and integers, P,,, P,,,..., P; , for each
i=1,2,..., k such that

a.c.,

= BPiaBPi2 ... BPim
N, = BLapls - Bl
for every i. We now have

k
$(x) - o(T" %)= X ai(:Blp'" T B,:i'"')"hi(x) a.c.
i=1

for every n. Next, fix any x for which this equation holds. We define a measure-
preserving transformation R:S! X --- XS!' = §' X -+ XS8! by R(a,,...,a,,) =
(a,B,,..,a,,B,) and a measurable function H:S' X --- xS' - Cby

m

k
H(ap---,a,,,) = Z aihi(x)a{"»' ceeafim,
i=1
R is ergodic and

k
H(R"(1,...,1)) = gla,-( P BRim) "hy(x)

isin S! for every n (since |¢(x)| = 1 a.e.), so we must have H(S' X --- xS§') c S.
Consider the function H,:S' — S! given by Hy(a) = H(a,1,...,1). Since H, is a
polynomial that takes S! into S, it must be a monomial, that is, k = 1. Then
é(x) -+ ¢(T" 'x) = a,N}hy(x) ae., and in particular, when n=1, ¢(x)=
a,\ h (x) a.e. We also have

¢(x) = Ahy(x)/h(Tx) ace.,
and putting these together gives

a, =1/h(Tx) ae.

Thus h, is constant and, therefore, ¢ is constant, as desired.
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For the converse, if ¢ is constant, say ¢(x) = A a.e., we see that

n,n l
feor(2)= Z)\ =15

n=0
is rational. O

COROLLARY 2. Suppose that ¢(x) # 0 a.e. and that [, log|d|dp = 0. If there exist
\ in S' and a measurable function h: X — C such that
¢(x) = Ah(Tx)/h(x) ae,
then f, , r represents a rational function for almost every x if and only if h is a finite
sum of eigenfunctions of T. In this case, the poles of f, , r are all simple and occur at

g4 1 1
AN AN, AN
where A{, A5, ..., A, are the eigenvalues corresponding to these eigenfunctions.

PRrROOF. We apply Theorem 3 to

h(Tx h(T%x) \_h(T"x) i
x¢T "ZOA h(X) h(TX) }\h(Tn—lx)
= ;l-(—nzoh(T"x)(}\z)

PROPOSITION. Suppose that ¢(x) # 0 a.e., that [ylog|¢|dp = 0, and that ¢(x)
assumes only countably many values. Then f, , r represents a rational function if and
only if ¢ is a simple function that can be written as

k
x) = ¥ bxs(x) ae.
i=1
where each B, is measurable, TB, = B, ., fori =1,2,...,k — 1, and TB, = B,.

PROOF. Suppose first that f, , r is rational for almost every x. We can write
0
6(x) = Lbixs ac.
i=1
where { B, B,, Bs,...} is a measurable partition of X. Now there are only counta-
bly many sets of the form

B,NT'B, NT?B, N --NT?*B, ,

-1
so at least one such set must have positive measure. Almost every orbit under T
must then hit this set infinitely often; thus, for almost every x, there are infinitely
many values of n for which
— +1 —_ +p—-1 —_

o(T"x)=b,, $(T""'x) = b,....p(T"*? x) = b, ..
We also have, since f, , r is rational, an equation of the form

ag+ a,0(T"x) + a,p(T"x)p(T" 'x) + - -

+a,(T"x) -+ ¢(T"*77'x) =0 ae.
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This means that the value of ¢ at any point on the orbit of x is determined by the
values of ¢ at the p — 1 preceding points. Therefore, the sequence of values
.,0(T %), ¢(x), ¢(Tx), $(T>x),... must be periodic for almost every x, with
every orbit having the same period and the same sequence of values. This means that
¢ is actually (up to a set of measure zero) a simple function, and we can write ¢(x)
in the desired form.

For the converse, if ¢ is of the described form, then we have ¢(x)¢(Tx)---

¢(T* x) — byb, - -+ b, = 0 a.e., which makes f, ,  rational almost everywhere.
0O
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